Abstract. We consider the quadratic nonlinear Schrödinger system i∂tu + ∆u = vu,
In this paper, we focus on the L 2 -critical and L 2 -supercritical case with conservation laws, i.e., d = 4, 5, 6 and λ = cμ. By considering the equation for ( √ c|µ|u(t, x/ √ 2m), cμv(t, x/ √ 2m)), we may assume m = 1/2, λ = µ = 1. Thus, we consider the following quadratic nonlinear Schrödinger system:
where κ > 0. The equation (NLS) has two conserved quantities, i.e., the mass and the energy, which are defined by
The local well-posedness in
, and the existence of the ground sate standing wave solutions for 1 ≤ d ≤ 6 were shown by Hayashi, Ozawa, and Tanaka [9] . We recall the ground state. When 1 ≤ d ≤ 5, the system (NLS) has a standing wave solution of the form
with R-valued functions φ, ψ. In fact, if (1.2) is a solution of (NLS), then (φ, ψ) should satisfy the following system of elliptic equations
On the other hand, when d = 6, the system (NLS) has a static solution of the form
with R-valued functions φ, ψ. In fact, if (1.4) is a solution of (NLS), then (φ, ψ) should satisfy the following system of elliptic equations
The solutions of these elliptic equations (1.3) and (1.5) can be characterized by the variational argument. Namely, the minimal mass-energy solutions exist and they are called ground states. Roughly speaking, they are characterized by the Pohozaev functional K, which is defined by
We note that K(φ, ψ) = 0 if (φ, ψ) is a solution of (1.3) or (1.5). Hayashi, Li, and Ozawa [8] investigated the small data scattering. Recently, scattering below the ground state was also obtained by Hamano [7] when d = 5 and the authors [11] when d = 4, where scattering means that the solution of nonlinear system (NLS) approches to a free solution to the Schrödinger equations as time goes to infinity.
Moreover, the blow-up phenomena of the solutions to (NLS) with κ = 1/2 is also investigated by many researchers. When d = 4, Hayashi, Ozawa, and Tanaka proved that the solution of (NLS) starting from any initial data
) with E(u 0 , v 0 ) < 0 must blow up in finite time ( [9] ). See also [4] for the blow-up of the radial solutions. Recently, when d = 5, Hamano [7] proved that the solution with (u 0 , v 0 ) ∈ Σ(R 5 ) or with radial symmetry blows up if the initial data satisfies E(u 0 , v 0 )M (u 0 , v 0 ) < E(φ, ψ)M (φ, ψ) and K(u 0 , v 0 ) < 0. He also showed the blow-up or grow-up result for non-radial solutions under
These blow-up results were obtained under the mass-resonance condition, i.e., κ = 1/2, since the virial identity is similar to the corresponding single nonlinear Schrödinger equation. In this paper, we are interested in the blow-up phenomena when κ = 1/2 and d = 4, 5, 6. In this case, we have to control an extra term which does not appear when κ = 1/2.
Main results.
In this section, we give main results in this paper. We obtain the following blow-up result for the radial solutions when d = 5, 6. Theorem 1.1. Let d = 5, 6, κ = 1/2, and (φ, ψ) be a ground state. Assume that
is radially symmetric and satisfies
Then, the solution must blow up in both time directions. Remark 1.1. After the submission of this paper, the authors have learned that Yoshida obtained a similar blow-up result in his unpublished paper [14] . He considered the corresponding three-component NLS system without the mass-resonance condition and proved the finite time blow-up of radially symmetric solutions with negative energy when d = 5, 6. Part of our argument in the proof of Theorem 1.1 is in fact very similar to his. One of our contribution is to show blow-up under the variational setting, which means we do not need to assume negative energy, and thus the strong instability of the radial ground states is also shown. See also [13] for the blow-up of solutions with negative energy for the corresponding threecomponent NLS system with mass-resonance and interesting blow-up phenomena for other nonlinear Schrödinger systems without mass-resonance.
Before stating second main result, we give the definition of grow-up. 
We obtain the blow-up or grow-up result when d = 4.
is radially symmetric and satisfies E(u 0 , v 0 ) < 0, then, the solution (u, v) with the initial data (u 0 , v 0 ) blows up or grows up in both time directions. Remark 1.2. In Theorems 1.1 and 1.2, the assumption κ = 1/2 is not needed, that is, we do not use κ = 1/2 and thus we can apply our proofs to the case of κ = 1/2. See [9, 7, 4] for the other proofs of blow-up when κ = 1/2. Remark 1.3. These results also trivially mean the instability of the radial ground states, especially their strong instability when d = 5, 6. The strong instability of the ground state means the existence of a finite time blow-up solution starting from an arbitrarily small neighborhood of the ground state. Since the ground state has strictly positive energy when d = 5, 6, its strong instability does not follow from the blow-up result for solutions with negative energy. Meanwhile, we can easily find the initial data satisfying (A 5 ) or (A 6 ) in an arbitrary neighborhood of the ground state by rescaling it. We also remark that, in the d = 5, radial, and mass-resonance case, strong instability of the ground state for the system (NLS) follows from the aforementioned result by Hamano [7] .
1.3. Idea of Proof. We recall the blow-up result for the corresponding single NLS
whose right hand side corresponds to the Pohozaev functional, Glassey [6] showed the blow-up when 
Ozawa and Sunagawa obtained such a virial identity in [13, Appendix A] . If κ = 1/2, the extra term (the second term of the last) does not appear and thus the similar contradiction argument to that for the single NLS works well. On the other hand, the extra term appears in the virial identity when κ = 1/2. When d = 5, 6, in the proof of Theorem 1.1, we proceed the argument without the extra term. We do not treat the extra term since we only use a localized version of
We use radial symmetry only to control the error term which comes from the localization. When d = 5, 6, we expect that K behaves like −( ∇u
1 -norms are large. From this observation, we can derive a contradiction by a localized version of (1.6). When d = 4, we have no such expectation since K(u, v) = E(u, v). Therefore, we can only show the blow-up or grow-up result in the L 2 -critical case.
Proof
To prove blow-up results, we use the virial argument. We define
for a smooth function χ : R d → R ≥0 . By simple calculations, we get the following.
Lemma 2.1 (Localized virial identity).
We have the following.
Proof. Simple calculation gives us
and
Remark 2.1. In this paper, we do not use V . We only treat J and J ′ .
We take a smooth function χ 1 : R ≥0 → R ≥0 such that
and χ
For R > 0, we take χ :
To control error terms which comes from the localization, we use radial symmetry. For radial functions, we have the following lemma. 
Proof. See Cho-Ozawa [2, Proposition 1].
We prove Theorem 1.1. In this proof, we use Lemmas A.1 and A.2 in Appendix.
Proof of Theorem 1.1. Let d = 5 or 6. We assume that
is radially symmetric and satisfies (A 5 ) when d = 5 or (A 6 ) when d = 6. We use contradiction argument. Suppose that the solution is global in positive time direction. We set K(t) := K(u(t), v(t)). By the localized virial identity, Lemma 2.1, we get
where R 1 , R 2 , R 3 is defined by
First, we show R 1 ≤ 0. We have |x · ∇u| = |x||∇u| and |x · ∇v| = |x||∇v| since u and v are radially symmetric. Therefore, we get
Therefore, R 2 is estimated as follows.
At last, we consider R 3 . Since
it follows from the radial Sobolev inequality, Lemma 2.2, that
Combining these estimates, we get
From the Young inequality, it follows that
where ε > 0 is a small positive constant to be determined later. We set L(t) := ∇u
By the variational argument, Lemmas A.1 and A.2, we get
Taking sufficiently small ε > 0, which depends on δ and E(u, v), it follows that
Therefore, by this and (2.1), we have
Taking sufficiently large R > 0 (we fix such R), we get
Integrating this on [0, t), we obtain
By the direct calculation, we find that
By these inequalities, for large t ≥ T 0 , where we take T 0 such that −2δt+J(0) < −δt for t ≥ T 0 , it follows that
Thus, we get
for t > T 0 . Return to (2.1). We have
Since L(t) ≥ Ct 2 for t > T 0 and E does not depend on t, there exists sufficiently large T 1 > T 0 such that we have
Integrating this on [T 1 , t), we obtain
Here, since J(T 1 ) ≤ −δT 1 < 0, we get
where
for t > T 1 since ξ(t) > 0 for all time. Integrating this on [T 1 , t), we obtain
.
Taking the limit t → ∞ derives a contradiction. This means that the solution must blow up in positive time direction. Blow-up in the negative direction can be obtained similarly. This completes the proof.
Next, we prove Theorem 1.2.
Proof of Theorem 1.2. We focus on the positive direction. Suppose that the solution (u, v) is global in positive time direction and there exists A ∈ (0, ∞) such that
It is easy to check that if one of them is bounded then the other is also bounded by energy conservation law and the Gagliardo-Nirenberg inequality. From (2.1) in the proof of Theorem 1.1, we get
Thus, taking sufficiently large R, which depends on A, M (u, v), and κ, we obtain
for all time. Integrating this on [0, t), we have
And thus, we have
for large time. From this inequality and (2.3), it follows that
A. Taking t → ∞, we get a contradiction.
Appendix A. Variational argument
We collect some lemmas from variational argument. See [9, 7] for the proofs. The proofs are similar to those for the single NLS or for the system in the case of κ = 1/2.
• L 2 -critical case(d = 4). By [9] , it is known that there exists at least one ground state of (1.3) for κ > 0. They also obtained the sharp Gagliardo-Nirenberg inequality:
It holds that for any (u, v) ∈ H 1 (R 4 )
where (φ, ψ) is a ground state of (1.3). Moreover, equality is attained by the ground state.
•Ḣ 1/2 -critical case(d = 5). The ground state (φ, ψ) = (φ 1 , ψ 1 ) is characterized as follows. We define
where K = K 5 and
for ω > 0. Then, µ ω = S ω (φ ω , ψ ω ) where (φ ω (x), ψ ω (x)) = ω(φ( √ ωx), ψ( √ ωx)). It is known that E(u 0 , v 0 )M (u 0 , v 0 ) < E(φ, ψ)M (φ, ψ) holds if and only if S ω (u 0 , v 0 ) < S ω (φ ω , ψ ω ) for some ω. By using this and variational argument, we get the following. See [7] , where κ = 1/2 is treated, for the detail. •Ḣ 1 -critical case(d = 6). The ground state is characterized by E(φ, ψ) = inf{E(f, g) : (f, g) ∈Ḣ 1 (R 6 ) ×Ḣ 1 (R 6 ) \ {(0, 0)}, K(f, g) = 0}
where K = K 6 . By using this and variational argument, we get the following lemma, which is similar to Lemma A.1 in theḢ 1/2 -critical case.
Lemma A.2. Let d = 6. If E(u 0 , v 0 ) < E(φ, ψ) and K(u 0 , v 0 ) < 0, then there exists a positive constant δ such that K(u(t), v(t)) < −δ as long as the solution exists.
